
eff icients  of the tangent ia l  s t r e s s e s  with those of no rma l  s t r e s s e s  one obse rves  that  for lengthwise extension 
depending on the values  of X one has the inequality Off < PT for  angles less  than 40-45*.  Simi lar  effect  is ob-  
s e rved  for extensions  in the c r o s s w i s e  d i rec t ion  though now for angles > 40-45% F o r  ce = 0 the computa t ional  
r e s u l t s  agree  with the known r e s u l t s  [5]. 

The author would like to e x p r e s s  his grat i tude to L. M. Kurshin for his unceas ing in teres t  in this work  
and to A. M. Kaganskii  for ca r ry ing  out the computat ions .  
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D E T E R M I N A T I O N  O F  T H E  R A T E  O F  E V O L U T I O N  O F  E L A S T I C  

E N E R G Y  F O R  A F - S H A P E D  C R A C K  BY T H E  M E T H O D  O F  

M E A S U R E M E N T  O F  T H E  P L I A B I L I T Y  

L .  P .  F r a n t s u z o v a  UDC 539.375 

At the p re sen t  t ime ,  the values  of the s t r e s s - i n t e n s i t y  coeff icients  and the r a t e  of evolution o f  e las t ic  
ene rgy  a re  well  known for var ious  configurat ions of a body with r ec t i l i nea r  c r acks  [1]. For  a nonrec t i l inear  
c rack ,  the only known p rob l em  is that  of  an a r c - s h a p e d  c r a c k  in an infinite sheet  with homogeneous elongation 
in an a r b i t r a r y  d i rec t ion  [2]. 

To c la r i fy  the c h a r a c t e r  of  the propagat ion  of c r acks  in l amina r  m a t e r i a l s ,  it is impor tan t  to know the 
r a t e  of  evolution of e las t ic  ene rgy  for F - shaped  c racks ,  where ,  af ter  the breakdown of an e lement  of the m a -  
t r i x , p e e l i n g - o f f s t a r t s  in the composi te  m a t e r i a l .  The theore t i ca l  solution of such a p rob l em is r a t h e r  c o m -  
plex and, up to the p r e s en t  t ime ,  has  not been ca r r i ed  through.  In the p re sen t  a r t ic le ,  this p rob lem is solved 
expe r imen ta l ly  by the method of m e a s u r e m e n t  of the pl iabil i ty.  

A method for de te rmin ing  the r a t e  of  evolution of e las t ic  energy  f rom the change in the pl iabil i ty with an 
inc rease  in the length of the c r a c k  was p roposed  a long while ago [3]; however ,  we know of no work  where the 
method has been implemented  in p rac t i ce .  This is obviously connected with the neces s i ty  of making e x t r e m e l y  
exact  m e a s u r e m e n t s ,  which is difficult to do p rac t i ca l ly .  In the p r e s e n t  work,  the method of m e a s u r i n g  the 
f requency of the in t r ins ic  v ibra t ions  was used,  which makes  i t  poss ib le  to m e a s u r e  the pl iabil i ty of a sample  
with an accu racy  UP to 0.05%. 

Novos ib i r sk .  T rans la t ed  f rom Zhurnal  Pr ikladnoi  Mekhaniki i Tekhnieheskoi  Fiziki,  No. 3, pp. 146-150, 
May-June,  1977. Original  ar t ic le  submit ted  July 5, 1976. 
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We shall give the derivat ion of the principal  formulas  of the method, modified for the case of a body 
loaded by a bending moment .  The energy V s tored in the body is expressed  in the form 

v = ( t /2 ) , - ,M,  

where e is the angle of rotat ion of a c ross  section; M is the bending moment .  If W is the total energy in the 
external  loading connections and in the deformed body, then 

d W / d l  - ~  bG = M d ~ / d l  - -  d V / d l ,  (1) 

where G is the ra te  of evolution of elast ic  energy per unit a rea  of the crack;  ! is the length of the crack;  and b 
is the width of  the sample.  Assuming the body to be l inearly elastic,  we have 

,m --~ L!I, 

where k is the value of the pliability of the body, which depends on the configuration, including the dimen- 
siau, of the crack. 

Differentiating the first and second terms in (1), we obtain 

d a / d l  = d ( ~ M ) / d l  = "~.dMIdl + . l l d l d d l ,  

d-T = d~ = 2 ""  d~ + M ~  ,~t " 

substituting into (1), we obtain 

G = ( M = / 2 b ) a ~ / d l .  

We introduce, in addition, the value of  the ra te  of evolution of elast ic  energy with a unit bending moment  

G ! d~ 
g = . ~ D  = ~ - ~ ,  

In the experiment ,  the value of the pliability k was measured  for different lengths of  the c rack  l ,  and graphical  
differentiation was then ca r r i ed  out with respec t  to l .  The measurements  were made in samples  of PKhV-1 
foam plastic with t r ansve r se  c ross  sections of 17• 30, 25• 45, and 38• 68 ram. The c rack  was sawed in the 
samples  with a jigsaw. The configuration of a c rack  is shown in Fig. 1 (1 is a r - s h a p e d  crack;  2 ls the sam-  
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ple; 3 is the homer) .  The length of the initial section of the crack,  perpendicular  to the edge, is 1/4 of the 
th ickness  of  the sample;  the c r ack  then turns by 90 ~ and passes  para l le l  to the edge. 

The pliability of the samples was measured  f rom the frequency of the natural  bending vibrations in the 
unit, a scheme of which is shown in Fig. 2 (1 are weights; 2 are bars ;  3 is the sample;  4 are the points of 
suspension).  To the rods there  are attached strain gauges,  connected with an amplif ier  and an F-5080 f re -  
quency mete r .  Measurements  were made of the t ime interval,  equal to 10 periods of the vibrations of the rods.  
The period o f t h e  free vibrat ions is given by the formula  

T = 2 ~ y ~ J / 2 ,  

where J is t h e m o m e n t  of inert ia  of each of the rods,  or 

Figure 3 gives the dependence of T 2 on the length of the c rack  l for one of the samples tested. There  
can be seen a rapid r i se  in the slope of  the curve in the init ial  section, corresponding to an increase  in the 
ra te  of evolution of elast ic energy.  After the turn in the crack,  the slope dec reases  and changes only very  
little with the fur ther  growth of the crack.  

A compar ison  between the exper imen ta l  and theoret ical  data can be made in the initial section before the 
turn of the c rack  and for a sufficiently long peeling crack,  where l >>h. For  an edge c rack  in a semiinfinite 
sample,  the s t r e s s - in tens i ty  coefficient is given by the formula [3] 

Kz = 1 .12aV~,  G = -~- = " ~ " K - - '  

where ~ is the elongation s t r e s s .  With the bending of a sufficiently thick sample,  where 

l/h <<1, ~ = 6 M / b h  ~, (2) 

G ----- i. i 229361M~/E(bh2) ~, 

respect ive  ly, 

i . e . ,  

g = l ' i2~a361/E(bh2) h (3) 

If  condition (2) is not satisfied, then the cor rec t ion  factor/3 (l/h) must  be introduced into formula (3), 

g = ( t .  12~n361/E(bh~)2)p(l/h). 

The value of  this factor  was calculated on the basis of the resul ts  of [1] and is given in Fig. 4. 

If  we const ruct  the dependence of g and ~ on the dimensionless  pa ramete r  ~ ~ l / h ,  then 

o r  

Ebh~dk/d~ = 2.1.122936~(~). (4) 
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Figure  5 shows the dependence of the value of Ebh2(k - k 0} on 4, averaged  over  eight samples  (k 0 is the 
value of k in the absence  of a notch). The calculat ions were  made using the value E/J = 5 . 7 . 1 0  s sec  -2.  m -~, 
obtained f rom m e a s u r e m e n t s  in s amples  without a notch. F igure  6 gives the der iva t ive  of the solid curve  of 
Fig. 5. DLfferentiation was c a r r i e d  out graphica l ly .  In Fig. 6 the dashed line shows the theore t i ca l  curve  fo r  
the initial  sect ion before  the turn of the c rack ,  cor responding  to the lef t-hand side of Eo. (4). There  is good 
a g r e e m e n t  between the cu rves ,  coinciding with an accu racy  up to the e r r o r s  in the m e a s u r e d  value of E (the 
e las t ic  modulus) ,  used in plotting the expe r imen ta l  cu rves .  

The second sect ion in which a compar i son  can be made between the exper imen ta l  and theore t ica l  r e su l t s  
is the sect ion of a long peeling c r a c k / p e e l  >>h. As is shown in [4], in this sect ion the r a t e  of evolution of the 

ene rgy  is  constant ,  

6 2 t 

For  the fo rm of the c r a c k  used,  when l•  =0.25, g=8.25,~b2h 3, 

Ebh2dMdg = EbhSark/dl = EbhS2bg = t6.5. 

The cor responding  s t r a igh t  line is shown by the dashed-dot  line in the r ight -hand pa r t  of Fig. 6. The mos t  
in te res t ing  sect ion of the curve  of the dependence of dk/d~ on ~is the section immedia te ly  af ter  the turn of the 
c rack .  At the turning point of  the c rack ,  t he re  is a jumpwtse dec r ea se  in the value of g and, as can be seen 
f r o m  Fig.  6, with a fur ther  i nc rease  in the peel ing c rack ,  the value of g changes only insignificantly.  

The value of G, the r a t e  of evolution of e las t ic  energy,  behaves in the same  manner ,  di f fer ing f rom g 
only by the fac tor  M 2, i .e. ,  G/G• =4.7 (G is the r a t e  of evolution of e las t ic  energy  before  the turn of the c r ack  
and G.t , a f te r  the turn of the c rack) .  

Although these  r e su l t s  we re  obtained for a definite geome t ry  of the sample ,  the value of G• = 0.21 ob-  
tained is obviously un ive r sa l  for the case  where ,  for the or ig inal  c rack ,  only one coefficient  of the intensity of 
the s t r e s s e s  K I d i f fers  f rom zero .  For  the appearance  of a F - shaped  crack ,  it is obvious that  the two coeff l -  
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cients  K I and KII differ  f rom zero ;  these  cannot be de te rmined  s epa ra t e ly  by the method used.  However,  with 
an analys is  of the conditions for the propagat ion  of a c rack ,  the value of the r a t e  of evolution of e las t ic  energy 
i tself ,  which !is de te rmined  d i rec t ly  in the given method,  is impor tant .  The method can be applied to bodies 
of complex f o r m  with c r a c k s  a lso  having a complex fo rm.  
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S O L U T I O N  IN T H E  F O R M  O F  S E R I E S  O F  L E G E N D R E  

P O L Y N O I ~ [ I A L S  O F  AN A X I S Y M M E T R I C  M I X E D  P R O B L E M  

FOR A HOLLOW ELASTIC CYLINDER 

G.  V .  I v a n o v  UDC 539.3 

In this paper  it is shown that  the method p roposed  in [1] for the solution of a plane mixed p rob lem of the 
theory  of e las t ic i ty  can be used also for the solution of an a x i s y m m e t r i c  mixed p rob lem for a hollow elast ic  
cyl inder .  

1.  S t a t e m e n t  o f  t h e  P r o b l e m  

In the case  of  a x i s y m m e t r i c  e las t ic  deformat ion  the equations of equi l ibr ium and Hooke ' s  law can be 
wri t ten  in the fo rm 

Op aT 0"~ Oq 

( o') ( 
p - - r  ) ,e-J-2~t~ -----0, q - - r  ke-}-2~t = 0 ,  

(0~ 0v) v �9 ~--p~r "gy '+~ ' z  = 0 ,  t - - ~ , s - - 2 ~ t - v - = O ,  

where  

Ou Ov v v E  i 
e = ~ + ~ + - f - ,  k = ( l + ~ l ( t _ 2 v ) ,  0 ~ < ~ - ,  E, l~:>0,  

p = r f f z ,  q = r i f t ,  T ~ -  r f f r z  , $ = f l y ,  u ~ u z ,  v ~- Ur, 

x ~ g --  Zo, y ~ r - -  r0; 

r ,  ~,  and z are  the cyl indr ica l  coord ina tes ;  ~r,  ~.~, Crz, Crrz, t i t ,  and uz are  the components  of the s t r e s s  ten-  
so r  and the d i sp lacemen t  vec tor  in the cyl indr ica l  coordinate  sys t em;  yl+ and Y2 are  the m a s s  fo rces ;  z 0 and 
r 0 a re  constants ;  E is Young~s modulus;  p is the shea r  modulus;  and v is Poissonts  ra t io .  
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